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We present rigorous and intuitive master equation models to study on-demand single photon
sources from pulse-excited quantum dots coupled to cavities. We consider three methods of source
excitation: resonant pi-pulse, off-resonant phonon-assisted inversion, and two-photon excitation of a
biexciton-exciton cascade, and investigate the effect of the pulse excitation process on the quantum
indistinguishability, efficiency, and purity of emitted photons. By explicitly modelling the time-
dependent pulsed excitation process in a manner which captures non-Markovian effects associated
with coupling to photon and phonon reservoirs, we find that photons of near-unity indistinguishabil-
ity can be emitted with over 90% efficiency for all these schemes, with the off-resonant schemes not
necessarily requiring polarization filtering due to the frequency separation of the excitation pulse,
and allowing for very high single photon purities. Furthermore, the off-resonant methods are shown
to be robust over certain parameter regimes, with less stringent requirements on the excitation pulse
duration in particular. We also derive a semi-analytical simplification of our master equation for
the off-resonant drive, which gives insight into the important role that exciton-phonon decoupling
for a strong drive plays in the off-resonant phonon-assisted inversion process.
I. INTRODUCTION
Recently, the field of semiconductor quantum dot
(QD)-cavity single photons sources (SPSs) has received
much attention, with theoretical analyses spanning a
broad range of topics, and numerous high quality exper-
imental sources being realized in the past few years. In
terms of understanding how to improve QD SPSs [1, 2],
much effort has been focused on the impact of electron-
phonon scattering on the SPS efficacy [3–9], which de-
grades the SPS figures-of-merit via incoherent phonon
relaxation-assisted photon emission, as well as the effects
of the conventional resonant excitation process [10]—the
most notable of which being the potential for multi-
photon emission events from a single pulsed excita-
tion [11, 12]. The increased theoretical understanding
of how to realize high SPS figure-of-merit as well as ex-
perimental advances in charge noise reduction [13, 14]
have led to numerous photon sources in recent years
with high efficiency, purity (lack of multiphoton events),
and quantum indistinguishability of emitted photons [15–
21]. Waveguide-based photon sources have also seen ex-
tensive development [20, 22–24], and integrated cavity-
waveguide systems have the potential to harness the ad-
vantages of cavity coupling [21, 25].
A commonly-held belief is that resonantly pumped
sources are preferable to off-resonantly excited ones (in
which the source is populated by decay from higher ly-
ing energy levels), due to the so-called timing jitter that
arises from radiative emission from higher-lying states
to the exciton of interest, which degrades the phase
coherence of the emitted single photons, leading to a
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SPS which produces photons of poor indistinguishabil-
ity [1, 16]. Furthermore, resonant pulsed excitation leads
to deterministic and on-demand production of single pho-
tons, which is critical for many potential applications.
However, the fundamental requirement is not strictly res-
onant excitation, but rather that the (on-demand) exci-
tation process creates an excited state in the QD in a de-
terministic and coherent manner—indeed, other (poten-
tially) effective methods of coherent single-photon source
generation include off-resonant phonon-assisted exciton
inversion [6, 26, 27], modified STIRAP [4], two-photon
excitation of a biexciton state [18], and adiabatic rapid
passage via a chirped pulse [28–30]. As the QD-cavity
SPS rapidly advances towards a scalable, high-fidelity im-
plementation, there is a clear need to understand the role
of the excitation process on the quantum dynamics (par-
ticularly with respect to the phonon and photon reser-
voir couplings) and SPS figures-of-merit for these differ-
ent excitation schemes. While the resonantly inverted
QD-cavity SPS has been studied theoretically to these
ends [10], analyses of other excitation methods have of-
ten been restricted to studying population dynamics via
one-time correlation functions of the system, which are
sufficient for determining the SPS efficiency (via emit-
ted photon numbers), but insufficient for calculation of
the indistinguishability or purity of the emitted photons,
which typically require two-time correlation functions.
Furthermore, the need for polarization filtering for a res-
onant pulse (which reduces the effective efficiency by at
least 50%), as well as the requirement of very short pulses
to suppress multiphoton emission, naturally leads one to
consider alternative methods of SPS generation.
In this work, we present rigorous time-dependent mas-
ter equation (ME) models of the exciton-phonon and
exciton-cavity interactions for a driven QD, valid for the
short and high drive strength pulses which are often re-
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2quired for effective SPS generation. We focus on three
methods of SPS excitation—resonant pulse, off-resonant
acoustic phonon-assisted pulse, and biexciton excitation
via a two-photon resonance process—and compare the
impact of the excitation process on the SPS figures-of-
merit (efficiency, indistinguishability, and single photon
purity) for these methods. We extend the work of Ref. [6],
which partly studied the figures-of-merit for a SPS ex-
cited via off-resonant phonon-assisted excitation with a
phonon ME, but did not correctly include the effect of
multi-photon generation, and used a “bad-cavity" ap-
proximation with respect to the cavity dynamics, which
are now known to fail to correctly produce the dynami-
cal decoupling effects associated with a short pulse [10].
In addition, we derive a semi-analytical simplification of
the ME for the off-resonantly driven exciton, which pro-
vides explicit expressions for the relevant phonon scatter-
ing rates that are responsible for the exciton inversion,
as well as drive-dependent pure dephasing. The layout of
the rest of the paper is as follows: in Section II, we derive
the time-convolutionless weak phonon coupling MEs used
in the analysis of our QD-cavity setups, in Section III
we present the results of our numerical simulations on
the figures-of-merit for these excitation methods, as well
as some insight into the underlying physics, and in Sec-
tion IV we conclude. We also include two appendices,
which contain a comparison of our weak phonon coupling
ME with a polaron transform ME approach, and the full
analytical simplification of the single-exciton ME, respec-
tively.
II. QUANTUM DOT - CAVITY MODELS
In this section, we describe the relevant quantum op-
tics models of our QD-cavity system, and derive weak
Figure 1. (a) Energy-level schematic of QD-cavity system for
a single exciton coupled to a cavity mode with effective laser
detuning δl. For δl = 0, this corresponds to resonant excita-
tion, and for δl > 0, this corresponds to off-resonant phonon-
assisted excitation, where Γ+ is the dominant scattering rate
corresponding to this process. (b) Schematic of QD-cavity
system for two-photon excitation of the biexciton, where the
cavity is resonant to the biexciton-exciton transition (phonon
states not shown for simplicity). Not shown here is another
orthogonally polarized exciton state, |y〉, which is populated
only via spontaneous emission from the biexciton.
phonon coupling MEs to treat the electron-phonon in-
teraction. To describe the case of a resonantly or off-
resonantly (i.e., phonon-assisted inversion) pumped QD,
we consider a single two-level system with ground |g〉
and exciton |x〉 states resonantly coupled to a quantized
cavity mode with bosonic creation and destruction op-
erators a†, a. We also study biexciton preparation via
two-photon excitation (TPE) by considering a four-level
biexciton cascade setup (two linearly polarized excitons
and a two exciton, or biexciton, state), where the biexci-
ton to exciton transition is coupled to the cavity. Figure 1
gives a schematic of these two scenarios. We then de-
rive a time-convolutionless ME for this pulsed QD-cavity
system, by treating the electron-phonon interaction per-
turbatively, and performing a Born-Markov approxima-
tion. This results in a weak phonon coupling ME. Such
an approach misses certain non-Markovian features of the
electron-phonon scattering, including the broad phonon
sidebands [31, 32]. However, since we are dealing with
photons emitted from the cavity mode, the cavity acts as
a Lorentzian filter around the cavity mode resonance, and
we only need the Markovian phonon dynamics to com-
pute the output observables. While the weak coupling
approach breaks down at elevated temperatures, we re-
strict our analysis to cryogenic temperatures T = 4 K,
where the weak phonon coupling ME is appropriate for
realistic QDs (as we show directly via a comparison with
a polaron transform ME approach in Appendix A). The
advantage of the weak phonon coupling ME is that it re-
mains valid as the pump pulse intensity increases, and is
thus capable of predicting the exciton-phonon decoupling
that occurs at strong enough drive strengths, whereas a
polaron ME approach fails [33, 34]. This will prove to be
relevant in some of the regimes studied below.
A. Pulse excitation of a single exciton-cavity
system
In this subsection, we consider the model used to
study resonant pi-pulse SPSs, as well as the off-resonant
phonon-assisted inversion SPS, by considering the single
exciton system shown in Figure 1a. Our approximation of
neglecting higher lying states is appropriate for τpEB4~  1
(see Figure 1b) for neutral QDs (such that the frequency-
domain pulse amplitude at ωL− EB2~ is much less than its
maximum amplitude), or charged QDs (trion states) [35].
Our first system of interest consists of a two-level neu-
tral QD system with ground and exciton states, described
with Pauli pseudospin operators σ± (σx = σ+ + σ−,
σy = i(σ
− − σ+)), a cavity mode, and a reservoir of
bosonic phonon modes with operators bq, b†q for wavevec-
tor q. Neglecting interactions with the photon bath
reservoirs for now, we begin with the total Hamiltonian
H = HS + HB + HI for a two-level system (below we
also model the biexciton cascade setup) driven by a laser
with time-dependent Rabi drive Ω(t) in frame rotating
3at the laser frequency ωL, where
HS=~∆xσ+σ−+~∆ca†a+
~Ω(t)
2
σx+~g(σ+a+σ−a†),
(1)
HB =
∑
q
~ωqb†qbq, (2)
and
HI = σ
+σ−
∑
q
~λq(b†q + bq) (3)
are the system, phonon bath, and interaction Hamil-
tonians, respectively. Here, the laser detuning from
the exciton frequency ωx is ∆x = ωx − ωL, and the
cavity detuning ∆c = ωc − ωL. We assume the cav-
ity is resonant with the exciton in this subsection. In
the continuum limit of phonon modes, we can char-
acterize the electron–acoustic-phonon interaction with
the phonon spectral function appropriate for exciton-
phonon interactions via a deformation potential in QDs:
Jp(ω) =
∑
q λ
2
qδ(ω−ωq)→ Jp(ω) = αω3exp
[
ω2
2ω2b
]
, where
α characterizes the exciton-phonon coupling strength,
and ωb is a frequency cutoff which depends on the size
of the QD [36]. The weak phonon coupling ME, in the
limit of no excitation pulse or cavity, gives a polaron
shift of the exciton frequency, ωx → ωx − ∆P , where
∆p =
∫∞
0
dωJp(ω)/ω = αω
3
b
√
pi/2. Thus, the resonance
condition between the cavity and exciton is ∆x = ∆p−δl
and ∆c = −δl, where the effective laser detuning (magni-
tude) becomes δl. From this point, we can derive a weak
phonon coupling ME.
B. Weak Phonon Coupling
At low temperatures and for αω2b  1, we can treat
the interaction term HI perturbatively by performing a
2nd-order Born-Markov approximation, tracing over the
phonon reservoir [34]. This procedure generates the weak
phonon coupling ME :
dρ
dt
= − i
~
[HS , ρ] +
1
2
∑
µ
L[Aµ]ρ+ Lwρ, (4)
where we have added Lindblad terms, L[A]ρ = 2AρA† −
A†Aρ − ρA†A, corresponding to radiative decay from
the cavity mode with rate κ (L[√κa]ρ), and decay from
the exciton into other background modes with rate γ
(L[√γσ−]). The weak phonon coupling term correspond-
ing to exciton-phonon scattering is
Lwρ =
∫ ∞
0
dτΓw(τ)
(
N˜(t−τ, t)ρN−NN˜(t−τ, t)ρ)+H.c.,
(5)
where N = σ+σ−, and
N˜(t− τ, t) = U†(t− τ, t)NU(t− τ, t), (6)
and the operator U(t, t0) evolves the system via the
system Hamiltonian HS(t) from time t0 to t. In gen-
eral, calculation of this operator is non-trivial, but here
we can make an additional Markov approximation with
respect to the time-dependent element of the system
Hamiltonian, valid for τpωb  1; for these parameters,
τp & 2 ps [10]. Pulse widths larger than this value ad-
ditionally suppress two-photon excitation of higher en-
ergy exciton states for common QD parameters (biexci-
ton binding energy). The phonon-scattering term then
simplifies to:
Lwρ ≈
∫ ∞
0
dτΓw(τ)
(
N˜(−τ)ρN−NN˜(−τ)ρ)+H.c., (7)
where N˜(−τ) = e−iHS(t)τ/~NeiHS(t)τ/~, and
Γw =
∫ ∞
0
dωJp(ω)
[
coth
(
~ω
2kBT
)
cos (ωτ)− i sin (ωτ)
]
.
(8)
During excitation by a short pulse (as is the case in this
work), the dynamics dictated by Equation (7) can further
be simplified by neglecting the role of the cavity in the
N˜(−τ) transformation, and we use this simplification in
Figures 3 and 4 as well as to derive explicit scattering
rates for certain phonon processes. In Appendix B, we
evaluate the validity of this approximation and show the
full ME in this simplified form.
C. Two-Photon Excitation via the
Biexciton-Exciton Cascade
In this subsection, we consider the excitation of a SPS
consisting of a four level biexciton-exciton cascade sys-
tem; this includes the QD (ground |g〉, linearly polarized
excitons |x〉 and |y〉, and the biexciton |u〉), with the
biexciton-exciton transition coupled to a cavity mode,
which decreases timing jitter effects via the Purcell effect.
The biexciton state is excited via TPE using a pulse that
is detuned from the exciton state with half the biexciton
frequency (i.e., two-photon resonant with the biexciton
state, cf. Figure 1b). In a frame rotating at the laser
frequency, the system Hamiltonian for this setup is
HS =
EB
2
σ+σ− − EB
2
a†a+
~Ω(t)
2
(σx + σ
(u)
x )
+ ~g(a†σ−u + aσ+u ), (9)
where σ+u = |u〉 〈x|, σ−u = |x〉 〈u|, and σ(u)x = σ+u + σ−u .
Note that to avoid cavity coupling to the ground to ex-
citon transition, we require ~κ  EB . Also, to avoid
direct excitation of the exciton, the pulse width is lim-
ited by τpEB4~  1. As before, the bath Hamiltonian is
HB =
∑
q
~ωqb†qbq, and the interaction Hamiltonian is
now
HI = Nux
∑
q
~λq(b†q + bq). (10)
4We take the phonon coupling constant for the biexci-
ton state to be twice the exciton phonon coupling con-
stant [37], which gives Nux = 2σ+u σ−u + σ+σ−. We sub-
sequently derive a similar ME for this biexciton cascade
setup:
dρ
dt
= − i
~
[HS , ρ] +
1
2
∑
µ
L[Aµ]ρ+ Lwρ, (11)
with Lindblad terms corresponding to spontaneous emis-
sion into background photonic reservoirs
√
γu/2σ
−
u ,√
γu/2 |y〉 〈u|, √γσ−, and √γ |g〉 〈y|. We also, again,
have loss from the cavity
√
κa. Note that we have as-
sumed that the background radiative decay rates are in-
dependent of the polarization (x or y) of the transition,
though this is easily relaxed. The phonon scattering term
Lwρ is the same as Equation (7), but with N → Nux, and
N˜ux calculated with the HS from this section.
D. Single Photon Source Figures-of-Merit
To quantify the efficiency of the SPSs studied, we use
the expectation value of the emitted cavity photon num-
ber:
Na = κ
∫ ∞
0
〈a†a〉(t)dt, (12)
where the long time limit is after the system has decayed
to steady state following a single pulse excitation. We
also quantify the indistinguishability by simulation of a
Hong-Ou-Mandel two-photon interference experiment, as
in Ref [38]:
I = 1−D1 −D2, (13)
where
D1 =
∫∞
0
dt
∫∞
0
dτ
(
G
(2)
pop(t, τ)− |G(1)(t, τ)|2
)∫∞
0
dt
∫∞
0
dτ
(
2G
(2)
pop(t, τ)− |〈a(t+ τ)〉〈a†(t)〉|2
)
(14)
gives the degradation of the two-photon interference due
to the first-order coherence (note that this can also be
affected by multi-photon emission), and
D2 =
∫ T
0
dt
∫ T
0
dτG(2)(t, τ)∫ T
0
dt
∫ T
0
dτ
(
2G
(2)
pop(t, τ)− |〈a(t+ τ)〉〈a†(t)〉|2
)
(15)
is the degradation of the two-photon interference due to
the second-order coherence (multi-photon states). Ad-
ditionally, G(2)pop(t, τ) = 〈a†a〉(t)〈a†a〉(t + τ), and the
first and second order coherences are G(1)(t, τ) = 〈a(t+
τ)a†(t)〉 and G(2)(t, τ) = 〈a†(t)a†(t+ τ)a(t+ τ)a(t)〉, re-
spectively, calculated via the quantum regression theo-
rem [39].
Another useful quantity is the Purcell factor—the en-
hancement of the spontaneous rate into the cavity. Al-
though only strictly accurate in a long-time limit and
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Figure 2. Comparison of single photon indistinguishabil-
ity and emitted cavity photon number for different pulse-
excitation parameters under (a-b) resonant excitation and (c-
d) off-resonant phonon-assisted inversion. In (c) and (d), the
solid lines correspond to a detuning ~δl = 1 meV, and the
dash-dotted lines correspond to ~δl = 0.5 meV.
with weak cavity coupling (g  κ), this metric is given
by FP = 4g
2
κγ (on resonance), which is slightly reduced
by phonon coupling [40]. High Purcell factors can, even
for a short pulse, simultaneously increase SPS efficiency
and indistinguishability by increasing the proportion of
photons emitted into the desired cavity mode, while fil-
tering out phonon sidebands that degrade the coherence
of emitted photons [3, 5, 10].
III. RESULTS
For our numerical calculations, we use an optical
pulse of the form Ω(t) = Ω0e
−
(
t−3τp
τp
)2
, where Ω0 =
Θ√
piτp
, and Θ =
∫∞
−∞ Ω(t)dt is the pulse area, and
τFWHWM = 2
√
ln (2)τp. We also use phonon parameters
α = 0.03 ps2, ~ωb = 0.9 meV [26], and a temperature of
T = 4 K. For a resonant pulse to invert the QD, we use
Θ = pi; the phonon interaction gives a coherent attenua-
tion of the pulse strength (as well as g), which is captured
with a polaron transform approach [31, 34], although we
neglect this as it has a small effect on the dynamics for
our phonon parameters and temperature (Ω → 0.96Ω).
For all the simulations below, we let ~γ = 1 µeV (∼ 660
ps exciton lifetime without cavity coupling). Unless oth-
erwise stated, our cavity parameters are ~g = 20 µeV,
~κ = 50 µeV, giving 4g
2
κγ = 32.
5In Figure 2 (a-b), we plot the indistinguishability and
emitted photon number for different resonant pulse and
cavity parameters. A thorough analysis of how to si-
multaneously optimize resonantly pulsed single photon
sources is given in Ref. [10]; however, the main points
are that short pulses should be used to minimize two-
photon emission via re-excitation, and a high Purcell
factor should be used to maximize collection efficiency
through the cavity. The criteria for suppression of two-
photon emission is usually τp  1FP γ , although this cri-
terion can be relaxed to τp  1κ due to the dynamical
decoupling between the cavity and exciton that occurs
during a short pulse. Furthermore, high Purcell factor,
high Q cavities increase photon indisinguishability by fil-
tering the phonon sidebands [3, 5]. For these parameters,
simultaneous indistinguishabilities of > 95% and emitted
cavity photon numbers of > 90% can be achieved for a
short pulse of τp = 2 ps. Note that in charge neutral
QDs, the biexciton state places a lower limit on the pulse
width as mentioned in Section IIA.
Using off-resonant phonon-assisted excitation, one can
harness the fact that at low temperatures, phonon emis-
sion is much more probable than phonon absorption, and
excite with a pulse above the exciton resonance. This
leads to an adiabatic preparation of the exciton which is
more robust to fluctuations in laser detuning and power.
To illustrate this, in Figure 3, we vary the laser detuning
and pulse area and plot the exciton population at a time
2τp after the peak of the pulse. One can clearly see that
as the pulse width is decreased, the efficiency of the in-
version process is greatly reduced. Two reasons for this
can be seen. In Figure 3c, it is clear that as the pulse
width is reduced, the detuning regime where Rabi oscilla-
tions are prominent is increased, as the spectral content
of the pulse overlaps with the exciton resonance, interfer-
Figure 3. Exciton population at time τp after the peak of the
pulse, for (a) τp = 6 ps, (b) τp = 4 ps, (c) τp = 2 ps, and (d)
for pulse widths τp = 2, 4, 6, 8 ps for blue, red, orange, and
purple lines, respectively, at ~δl = 1 meV.
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Figure 4. (a-b) Exciton population and (c-d) phonon scat-
tering rate versus time for different pulse widths. The pulse
areas are 18pi (orange solid lines), 4pi (blue solid lines) and 8pi
(red dash-dotted lines), and the detuning is ~δl = 750 µeV.
ing with the phonon-assisted inversion process. Another
reason for this can be explained by looking at Figure 4,
in which we plot the exciton populations as a function of
time for different pulse widths and pulse areas. We also
plot the incoherent excitation rate
Γ+(t) =
pi
4
Ω(t)
ΩR(t)
Jp(ΩR(t)), (16)
where ΩR(t) =
√
Ω2(t) + ∆2x, which as shown in the sup-
plementary material, is the dominant rate that dictates
the phonon-assisted excitation. From Equation (16), it
is clear that the rate of phonon-assisted excitation will
be proportional to the exciton-phonon coupling strength
α, and will be suppressed for effective drives ΩR  ωb.
At a pulse width of τp = 10 ps (Figure 4b and 4d), the
pulse duration is sufficiently long such that the system
has time to approach the inverted state. Note that the
rate Γ+(t) dips in the middle of the pulse, which is due
to the effective drive ΩR(t) exceeding the spectral re-
sponse frequency region determined by the phonon spec-
tral function Jp(ω), and is an indicator of decoupling
between the exciton and phonon bath. However, the dip
is small enough here to not significantly degrade the in-
version process, and in fact partially contributes to the
avoidance of excessive two-photon probabilities by delay-
ing the time-dependent population of the exciton state
until the end of the pulse. As we go to lower pulse
widths (Figures 4a and 4c), if we choose a pulse area
to not allow the phonon bath to strongly decouple dur-
ing the middle of the pulse, there is not enough time
to allow for complete inversion. However, increasing the
pulse area to compensate for this will cause strong decou-
pling of the exciton-phonon system, which also prevents
inversion. The relative timescales set by the phonon spec-
tral function parameters thus place a lower bound on the
6pulse widths that can be used.
On the other hand, the possibility of multi-photon
emission places upper limits on the pulse widths that
should be used to obtain good single photon figures-of-
merit. In Figures 2c and 2d, we plot the indistinguisha-
bility and emitted photon number against pulse area for
two pulse widths, and two different detunings. For a
short pulse of τp = 6 ps, we have simultaneous I ≈ 99%,
and Na ≈ 0.71, while at a significantly longer pulse of τp
we have I ≈ 98%, and Na ≈ 0.9. This suggests that the
off-resonant excitation scheme, in a high-Q cavity system,
has the potential to generate single photons of near-unity
indistinguishability (very nearly only limited by exciton-
cavity dephasing due to intrinsic phonon coupling) and
high efficiencies across a broad range of pulse widths,
in favourable contrast to the resonantly excited system
which is limited, even in a best-case scenario, to < 50%
efficiency due to polarization filtering. These findings
shed light on a recent work which numerically studied
the second order coherence of an off-resonantly pumped
QD-cavity system [41].
To help understand the effect of timing jitter on
the indistinguishability of the emitted photons from a
biexciton-exciton cascade system, as shown in Figure 1b,
it is useful to consider a simple model of radiative de-
cay from the excited cascade system. Consider the ide-
alization of a pulse which perfectly inverts the system,
such that initially the system is in the biexciton state
ρ(t = 0) = |u〉 〈u|. Then, for weakly coupled cavities
with g/κ 1, the cavity mode can be adiabatically elim-
inated (a˙ ≈ 0) from the dynamics such that a ≈ −i 2gκ σ−u
(neglecting trivial input noise terms). This leads to the
well-known result that the effective decay from the tran-
sition coupled to the cavity mode is enhanced via the
Purcell effect γu/2 → γu2 (1 + FP ), with FP = 4g
2
κγu/2
(note one could alternatively define the Purcell factor to
be the enhancement of the total biexciton decay rate).
The indistinguishability corresponding to this transition
(as well as the exciton-ground transition) is then found
to have the simple analytic form:
I = 1
2
[
1 +
γu(1 + FP /2)
γu(1 + FP /2) + γ
]
. (17)
Clearly, then, a high Purcell factor cavity can increase the
coherence of the emitted photons for both transitions, by
reducing timing jitter.
Equation (17) also implies that a cavity with a Purcell
enhancement on the exciton to ground transition instead,
or a broadband cavity that gives significant Purcell en-
hancement for both transitions, will lead to poor indis-
tinguishabilities. It is very important to note, however,
that this equation was derived with multiple approxima-
tions that are not completely realistic in actual systems,
and so numerical calculations are required for quantita-
tive results. Most importantly, the weak phonon coupling
approach misses the broad phonon sidebands that affect
the indistinguishability calculation via the first-order co-
herence function of the exciton-emitted fields. Heuris-
tically, we could expect Equation (17) to qualitatively
describe timing-jitter losses in the indistinguishability of
emitted photons if we assume that this phonon sideband
is (e.g.) filtered out of emitted photons via post-selection,
or through coupling to a cavity with κ ωb.
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Figure 5. Biexciton-cavity single photon figures-of-merit for a
pulse-triggered SPS via TPE, with a biexciton binding energy
of EB = 3 meV, and γu = 2γ. To achieve an “effective" two-
photon pi-pulse, the pulse area is varied numerically for each
simulation.
In Figure 5, we plot the indistinguishability and emit-
ted cavity photon numbers for different pulse widths.
Since the criterion for an “effective” pi-pulse when using
off-resonant inversion is not strictly defined except in the
limit where the intermediate (exciton) state can be adia-
batically eliminated from the dynamics—~Ω(t) EB—
-we instead vary the pulse area for each simulation to
obtain (approximately) the largest emitted cavity pho-
ton number, as would be the case in an experiment. As
seen in Figure 5, the indistinguishability remains high for
a relatively large range of pulse widths, in contrast to the
resonantly excited system. This is due to a high suppres-
sion of multiphoton emission [18]; i.e., for τFWHWM =
7.3 ps, we have D1 = 0.02, but only D2 = 3× 10−4. The
indistinguishability is only very slightly lowered (∼ 0.2%)
by taking γx → γx/2, γu → γu/2, indicating that the
degradation of indistinguishability for this setup and cav-
ity/pulse parameters can thus be attributed almost en-
tirely to intrinsic cavity-induced phonon scattering [3],
as well as (to a smaller extent) timing jitter. As long as
the pulse width is large enough as to not excite the exci-
ton ( τpEB4~  1), the figures-of-merit are again somewhat
robust against changes in the pulse width (as in the off-
resonant phonon-assisted case)—a signature of the adia-
batic population inversion processes.
7IV. CONCLUSIONS
In summary, we have derived several time-
convolutionless MEs to study pulse-driven QD-cavity
systems which incorporate electron-phonon scattering
rigorously, even for pulses with drive strengths greater
than the phonon bath correlation time. We have used
these MEs to study three methods of QD-cavity SPS
excitation—resonant pi-pulse excitation, off-resonant
phonon-assisted inversion, and TPE of the biexciton-
exciton cascade. For our QD-cavity parameters, we
find indistinguishabilities and emitted cavity photon
numbers of > 95% and > 0.9 simultaneously achievable
for a resonant pulse of τFWHM ≈ 3.3 ps, similar to results
of our previous work [10]. However, this resonantly-
pumped source requires polarization filtering, reducing
the efficiency by at least 50%. In contrast, we find
for off-resonant phonon-assisted inversion near-unity
indistinguishabilities (limited primarily by intrinsic
phonon coupling) for a broad range of pulse widths, and
for (e.g.) τFWHM = 33.3 ps, an emitted photon number
of ∼ 0.9. Furthermore, this system is more robust to
small fluctuations in laser detuning and power.
We have also investigated via analytical simplification
of our ME the role of exciton-phonon decoupling due to
strong pulse interactions, which we found to be highly
relevant to the dynamics of this scheme both in terms
of setting fundamental limits on the pulse widths that
can be used, as well as its role in reducing two-photon
emission events. Finally, for the SPS based on TPE of
the biexciton, we find again near-unity indistinguisha-
bilities, limited primarily by timing jitter and electron-
phonon coupling. We have also shown how a high-Purcell
factor cavity coupled to the biexciton-exciton transition
can reduce dramatically the negative effect of timing jit-
ter on the SPS indistinguishability, and that this system
can produce single photons with an ultra-low two-photon
probability, as previously shown by Hanschke et al. [18].
These excitation schemes provide a pathway towards ex-
perimental SPSs of even higher efficiency, indistinguisha-
bility, and purity, and our intuitive ME approaches pro-
vide a simple and insightful framework for modelling such
systems.
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Appendix A: Comparison of Weak Phonon Coupling
with Polaron MEs
In the main paper, we use a weak phonon coupling
ME to calculate the exciton-phonon coupling via a Born-
Markov approximation. However, the validity of the per-
turbative Born-Markov approximation for describing the
interaction can break down at elevated temperatures or
for strong phonon coupling parameters [36]. A polaron
transform ME, where one unitarily transforms into a “po-
laron” frame in which the zero-field exciton-phonon cou-
pling is exactly diagonalized before performing the Born-
Markov approximation with respect to the field-induced
polaron-phonon couplings, has been show to be valid
across a much broader range of temperatures and phonon
coupling strengths [33]. However, the polaron transform
ME can break down for pulse amplitudes which approach
the phonon cutoff frequency ωb—which is the case for
some of the results in Section III [34]. Thus, in this Ap-
pendix we compare the dynamics of a driven QD-cavity
system with both MEs in a regime where the pulse ampli-
tude is weak. In this regime, we can expect the polaron
transform ME to be rigorously accurate, and as such the
regime in which we expect the weak phonon coupling ME
to also be valid can be determined by comparison.
The model used for the weak phonon coupling ME is
described by Equation (4). The equivalent description
of the dynamics via a polaron transform ME is given by
(e.g., see Ref. [10]):
dρ
dt
= − i
~
[H ′S , ρ] +
1
2
∑
µ
L[Aµ]ρ+ Lpρ, (A1)
where
Lpρ =− 1~2
∫ ∞
0
dτ
∑
m={g,u}
(
Gm(τ)×
[Xm(t), X˜m(t− τ, t)ρ(t)] + H.c.
)
, (A2)
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Figure 6. Exciton populations calculated with the weak-
coupling (red) and polaron (blue) MEs for different temper-
atures. We use τp = 20 ps and Θ = 5pi to ensure that the
max pulse amplitude is weak enough such that the polaron
approach remains valid. The laser is resonant (δl = 0).
8where Xg =
~Ω(t)
2 σx+~g(σ
+a+σ−a†), Xu = −~Ω(t)2 σy+
i~g(σ+a − σ−a†). Here, Gg(τ) = 〈B〉2(cosh (φ(τ)) − 1)
and Gu(τ) = 〈B〉2 sinh (φ(τ)) are the polaron Green
functions, with
φ(τ)=
∞∫
0
dω
Jp(ω)
ω2
(
coth
(
~ω
2kBT
)
cos (ωτ)−i sin (ωτ)
)
,
(A3)
and 〈B〉 = e−φ(0)/2. Within the additional Markov ap-
proximation used in Sec II B, we have
X˜m(t− τ, t) ≈ e−iH′S(t)τ/~Xm(t)eiH′S(t)τ/~. (A4)
The Lindblad terms are the same as those in the weak
phonon coupling ME, and the polaron-renormalized sys-
tem Hamiltonian H ′S is
H ′S(t) =− ~δlN − ~δla†a
+
〈B〉~Ω(t)
2
σx + 〈B〉~g(aσ+ + a†σ−), (A5)
which is similar to the weak phonon coupling HS(t), but
with the polaron shift included in the system Hamilto-
nian, and the cavity and pulse strengths being attenuated
by a factor 〈B〉.
In Figure 6, we compare the dynamics of a driven QD-
cavity system using both MEs (Equations (4) and (A1)).
While the weak-coupling approach breaks down at high
temperatures, for T = 4 K (and even T = 15 K) it re-
mains highly accurate.
Appendix B: Analytical Simplification of the Master
Equation
In this Appendix, we give an analytical simplification
of Equation (7) by neglecting the influence of the cavity-
exciton coupling term of the system Hamiltonian in the
transformation N˜(−τ) = e−iHS(t)τ/~NeiHS(t)τ/~. This
approximation is appropriate for short pulses, as in the
regimes studied here the maximum pulse amplitudes (and
detunings in the off-resonant case) are much larger than
g—see Figure 7. We can then commute the remaining
cavity term, and the remaining transformation acts only
on the ground-exciton subspace, through:
N˜(−τ) = e−ANeA, (B1)
where
A = iτ
(
∆xN +
Ω(t)
2
σx
)
. (B2)
These matrix exponentials are straightforwardly calcu-
lated by diagonalizing A, and we find
N˜(−τ) =N − Ω
2(t)
Ω2R(t)
sin2
(
ΩR(t)τ
2
)
σz
+
Ω(t)∆x
Ω2R(t)
sin2
(
ΩR(t)τ
2
)
σx
− Ω(t)
2ΩR(t)
sin (ΩR(t)τ)σy, (B3)
where σz = σ+σ− − σ−σ+. Expanding the ME and us-
ing the fact that
∫∞
0
dτΓw(τ) = −i∆P , we arrive at the
explicit analytical result:
Lwρ = −i[−∆PN, ρ] + γ
′
eff(t)
2
L[N ]ρ
− iΩ∆x
Ω2R
[
∆P
2
+Im{Rc}
]
(σxρN−Nσxρ−H.c.)
− Re{Rc}Ω∆x
Ω2R
(σxρN −Nσxρ+ H.c.)
− Re{Rs} Ω
ΩR
(σyρN −Nσyρ+ H.c.)
− iIm{Rs} Ω
ΩR
(σyρN −Nσyρ−H.c.) , (B4)
where we have suppressed the explicit functional depen-
dence on time of Ω(t), ΩR(t) =
√
Ω2(t) + ∆2x, Rc(t), and
Rs(t) for notational brevity, and
Rc(t) =
1
2
∫ ∞
0
dτΓw(τ) cos (ΩR(t)τ), (B5)
Rs(t) =
1
2
∫ ∞
0
dτΓw(τ) sin (ΩR(t)τ). (B6)
The effective pulse-driven pure dephasing rate is
γ′eff(t) = 4
(
Ω(t)
ΩR(t)
)2
Re{Rc(t)}
= pi
(
Ω(t)
ΩR(t)
)2
Jp(ΩR(t)) coth
(
ΩR(t)
2kBT
)
. (B7)
Through careful analysis of, e.g., the Bloch equations
formed by considering the matrix elements of Equa-
tion (B4), as well as with numerical calculations, we
can see that for negative detuning ∆x (above resonance
excitation), the rate corresponding most closely to the
phonon-assisted inversion of the exciton is
Γ+(t) = −Im{Rs(t)} Ω(t)
ΩR(t)
− Re{Rc(t)}Ω(t)∆x
ΩR(t)2
. (B8)
The second term is, in the regimes studied here, smaller
than the first and so for the sake of qualitatively gaining
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Figure 7. Comparison of populations calculated with analyt-
ically simplified ME of Equation (B4) (solid red) versus the
ME with the phonon dissipator of Equation (7) (dashed blue).
The differences are, as expected, negligible during the pulse,
and as such populations immediately following the pulse can
be calculated using the approximate ME for short pulses.
Here, τp = 4 ps, Θ = 10pi, and ~δl = 500 µeV.
better insight we can approximate
Γ+(t) ≈ −Im{Rs(t)} Ω(t)
ΩR(t)
=
pi
4
Ω(t)
ΩR(t)
Jp(ΩR(t)), (B9)
as used in Section III.
In Figure 7, we compare the population dynamics with
this approximate simplified ME versus the full result (see
figure caption for precise equations used), which includes
the effect of the cavity terms in the N˜(−τ) transforma-
tion. As expected, we see excellent agreement for a short
pulse; note that the cavity terms in the transformation
are responsible for cavity-exciton pure dephasing which
causes a degradation of the single photon indistinguisha-
bility [3], and as such they should be considered for full
simulations of the radiative dynamics. As such, we only
use the simplified ME for the results of Figures 3 and 4.
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